This paper introduces an expected value estimator with "expert knowledge" to the robust estimation of sovereign rating transitions which are characterised by few observations. Our 
Introduction
The construction of a sovereign rating transition matrix requires accurate estimators of rating transition probabilities and probabilities of default. Robust estimation is particularly hard if there is a short history of rating transitions, as is the case with emerging market sovereign borrowers (Hu, Kiesel and Perraudin, 2002) . Traditional maximum likelihood estimators, which have valuable large-sample properties, can be heavily biased in small samples. These estimators maximise the probability of observing data points from the dataset used for parameter estimation and, as a consequence, might depend considerably on the characteristics of the noise in the data and inadequately describe the underlying transition process. This paper suggests a solution to this problem based on a Bayesian approach which allows the use of a priori information in the model of sovereign rating transitions. The probability of rating transitions is estimated using the expected value estimator that takes into account the probability mass distribution of the true parameter value in contrast to the maximum likelihood estimator.
There are several approaches (some widely used in practice) to constructing a rating transition matrix. Rating agencies Moody's and Standard & Poor's employ a discrete-time 'cohort' approach which determines the probabilities of one-year rating migrations and default as the average fraction of borrowers that held a particular rating at the beginning of a period. Approximately 70% of observations in this sample belong to the investment grade borrowers and only 30% to obligors classed as non-investment grade (Appendix A). In contrast, the dataset of rated U.S. industrials employed by Lando and Skødeberg (2002) includes 6,659 firms with a 1 Source: Standard & Poor's (2006b) and authors' calculations (excluding private Standard & Poor's ratings and migrations from the state of default).
total of 11,606 transitions within the 18 fine-letter rating classes in [1981] [1982] [1983] [1984] [1985] [1986] [1987] [1988] [1989] [1990] [1991] [1992] [1993] [1994] [1995] [1996] [1997] . In order to enlarge the sovereign rating transition dataset, Hu, Kiesel and Perraudin (2002) develop the ordered-probit framework that allows mapping a country's macroeconomic, solvency and liquidity data into credit ratings resembling those of Standard & Poor's. Their method adds 732
observations over the period 1981 -1998 . Lando and Skødeberg (2002 introduce an estimation based on continuous-time observations that incorporates information on exact waiting times spent by a borrower in each rating category before a transition occurs. For sovereign borrowers this technique adds very little information due to the scarcity of rating transitions which is further exacerbated by the stability of sovereign ratings.
A Bayesian approach allowing the introduction of "expert knowledge" into the model is employed here to tackle the problem of scarcity of sovereign rating transitions. In addition, an expected value estimator is applied to find the probabilities of rating transitions. This method yields rating transition matrices with a larger number of positive off-diagonal transition probabilities than other discrete-time approaches. Empirical tests establish that our expected value estimate improves the fit provided by the maximum likelihood-type estimates when used as an indicator of default risk in the pricing of emerging market Eurobonds. A 'reality check'
shows that, in contrast to the maximum likelihood-type estimates, our estimate produces realistic values of the default premium along the maturity spectrum for all countries and time periods tested. The empirical part of this paper investigates the size of the default premium within the yield spreads of lower investment grade Mexican and non-investment grade
Colombian and Brazilian sovereign Eurobonds along the maturity spectrum. We also analyse the contribution of the factors determining the default premium and the residual risk premium in the fall of emerging market yield spreads during 2003-2005. Empirical studies of the emerging market debt are based on two types of data whose dynamics differ: primary market prices of individual bonds and secondary market prices represented by the emerging market indices. Though index data are widely used, they limit the scope of the analysis because they do not allow tracking changes in the yield spreads at varying maturities as each country's index is characterised by a specific duration (the average duration of the issuer's outstanding debt instruments included in the index). Eurobond maturity at issue typically varies between 5 and 30 years, which implies that the roles of fundamentals versus global liquidity factors are likely to differ at the short and long ends of the maturity spectrum.
Here secondary market prices of individual Eurobonds are employed. For each borrower, we estimate daily zero-coupon yield spreads of various maturities from May 2003 to December 2005 and decompose the yield spreads into two components: default and non-default risk premia. Our empirical analysis reveals that the default premium represented a rather small share of the non-investment quality yield spreads of Colombia and Brazil in 2003 . This share increased considerably over time with the change being the most pronounced at short maturities.
The fall in the Colombian and Brazilian yield spreads as well as the rise in the fraction of the default premium within the spread appear to be mainly driven by a sharp decline in the risk premia of both countries. The situation differs for investment-grade Mexican bonds in that the share of the default premium in Mexican spreads did not change significantly over the period under consideration because the yield spread and the default premium within the spread declined at roughly identical rates at most maturity horizons. An improvement in both the credit quality of Mexican Eurobonds and the non-default risk factors appears to have played a significant role in the reduction of the Mexican yield spread during [2003] [2004] [2005] . The fraction of the default premium tends to be consistently smaller at longer maturities for all three countries.
An on-going shift in the investor base of the emerging market bonds can explain a considerable and continuous decline in the risk premia and, hence, in the yield spreads of the emerging market Eurobonds over the period [2003] [2004] [2005] . Further research is needed to access directly the impact of the global liquidity factors on the risk premium within emerging market spreads of various maturities and for borrowers of different credit quality.
Section 2 presents our approach to rating transition estimation based on a small data sample. The data sample is described in Section 3. θ , where each element ij θ denotes the probability that a borrower who is currently rated i will have rating j in the next period.
There are K rating categories, and category K denotes the state of default. Using the multinomial distribution, the probability of observing a vector i n of counts of observed transitions from initial rating i to each rating category j is:
Our aim is to estimate the probabilities of rating migrations ij θ conditional on counts of the observed transitions ij n . If there are too few observations, the probability density of the true parameter value might not be concentrated in the vicinity of the maximum likelihood estimate, i.e. such an estimate does not account for skewness and asymmetry of the probability function (e.g., MacKay (2003) , p. 306). Here we apply an expected value estimator as a point estimator of rating transitions that takes into account the probability mass distribution. This will result in smoothing of the rating transitions by letting the transition probabilities to "spill out" from the states with the positive number of transitions into the states with no observed transitions. The solution is computationally feasible and can be used as an input into any asset pricing or credit risk model with exposure to the emerging market credit risk.
The Dirichlet distribution is employed as the prior distribution of the transition probabilities ij θ since it is the conjugate prior for the parameters of the multinomial distribution.
This prior can be interpreted as additional data. The probability density of rating migrations conditional on counts of the observed transitions and the expectation of the transitions from a given initial state are given by Gelman et al. (1995) , pp. 476-477:
Here ij α are parameters of the Dirichlet distribution. The obtained expected value estimator of rating transitions takes into account the probability mass distribution of the true parameter value.
Our estimator can be used in the estimation of rating transitions for any small group of borrowers such as a specific industry group within the corporate sector. 
Introducing "expert knowledge" into the estimation
The parameters ij α are interpreted as a priori information ("expert knowledge"), which can be incorporated into the estimation of sovereign rating transitions. They describe the parts of the parameter space not covered by the observed transitions and also determine the smoothness of the estimator. Two approaches are applied to define plausible (but unrealised) transitions by assigning values to ij α . A noninformative prior is defined by setting
α for both coarse-letter and fine-letter rating transition matrices. This prior assumes a (small) positive probability that a country starting a period in any rating category can migrate into any other rating category by the end of the period. The structure of such transition matrix resembles that of the one-year corporate transition matrix estimated from continuous-time data (Lando and Skødeberg, 2002) The expected value estimate of sovereign rating transitions based on the informative prior has a similar structure to the one-year corporate rating transition matrices, which have a greater number of positive off-diagonal transition probabilities than the sovereign transition matrices estimated using traditional discrete-time approaches. Our estimations are all based on the published S&P sovereign rating transition history for foreign currency denominated bonds from 1985 to 2005 (Standard and Poor's, 2006b ). The annual cohorts are compiled on the 1 st of
July of each year. The coarse-and fine-letter expected value estimates of rating transitions based on the informative and noninformative priors are provided in Appendix B.
The expected value estimate of sovereign rating transitions is compared with the continuous-time approach by Lando and Skødeberg (2002) . Sovereign rating transitions are reestimated with maximum likelihood based on discrete-time annual observations because S&P rating transitions data include private ratings which are not part of the published data sample.
(The one-year rating transition matrices are available at www.schenk-hoppe.net/sovereign/). A list of sovereign rating transitions estimates considered in the present study and their abbreviations follows.
Abbreviation Explanation

NA
Not adjusted for default risk S&P coar S&P coarse-letter transition matrix (Standard and Poor's, 2006a ) HKP coar Hu, Kiesel and Perraudin (2002) coarse-letter transition matrix
ML coar
The maximum likelihood estimate of the coarse-letter transition matrix
Cont coar
Probabilities of transitions between the coarse-letter rating categories estimated using the Lando and Skødeberg (2002) continuous-time method
EV coar inf
The expected value estimate of the coarse-letter transition matrix based on the informative prior EV coar noninf The expected value estimate of the coarse-letter transition matrix based on the noninformative prior S&P fine S&P fine-letter transition matrix (Standard and Poor's, 2006a ) HKP fine Hu, Kiesel and Perraudin (2002) fine-letter transition matrix
ML fine
The maximum likelihood estimate of the fine-letter transition matrix
Cont fine
Probabilities of transitions between the fine-letter rating categories estimated using the Lando and Skødeberg (2002) continuous-time method
EV fine inf
The expected value estimate of the fine-letter transition matrix based on the informative prior EV fine noninf The expected value estimate of the fine-letter transition matrix based on the noninformative prior
The Data
Our data sample consists of 678 daily observations of the secondary market gross prices of each Eurobonds included in our sample satisfy the following conditions. They are all U.S. dollar denominated with the minimum amount at issue USD 400m to ensure the sufficient liquidity. The bond maturity varies from 1 to 30 years. The Eurobond issuers come from the same region and belong to different rating classes at the lower end of the rating scale. The sample is divided into two sub-periods of similar length, excluding a 34-day period in between.
The beginning of the second sub-period coincides with an upgrade in the Brazilian credit rating to the next coarse-letter category from B+ to BB-. This avoids uncertainty related to defining the moment when the market priced the new rating into Brazilian bonds. Several empirical studies (e.g. Cantor and Parker, 1996; Reisen and von Maltzan, 1999) suggest that the market anticipates the change in a borrower's credit rating by incorporating a new rating into bond prices around one month in advance of the actual rating change. Another rating change in our sample occurred to Mexico whose sovereign rating was upgraded by 1 notch within the same coarse-letter rating category.
In the first sub-period the three countries represent three different coarse-letter rating categories: BBB, BB, and B. Mexico is rated BBB-, the lowest investment grade rating, in the first sub-period. Then it is upgraded to BBB during the second sub-period. Colombia has higher non-investment grade BB rating during both sub-periods. Brazil is rated B+ in the first subperiod, then upgraded just prior to sub-period II and rated BB-in the second sub-period.
All the emerging Eurobond prices as well as the daily gross prices of the liquid on-therun U.S. Treasury bonds are collected from Datastream. The U.S. on-the-run treasuries include bonds with maturity of 10 years or less to ensure consistent liquidity of the U.S. sample. We also exclude prices of the emerging market and U.S. Treasury bonds that have shorter maturity than one year.
Empirical Bond Pricing Model and Yield Spread Decomposition
This section uses the estimates of rating transitions explained earlier as a measure of default risk in the Eurobond pricing to (a) assess the performance of these estimates and (b) to evaluate the default-risk component within the sovereign yield spreads at different maturity horizons.
At the first stage, the gross prices of U.S. treasury bonds and emerging markets Eurobonds are fitted using equation (3) to find the initial, or non-adjusted (NA) zero-coupon yield spreads, estimated as the difference between the non-adjusted zero-coupon yield of an emerging market Eurobond and U.S. zero-coupon bond yield of equal maturity. Let tn V be an observed gross price of the n-period bond with a fixed regular coupon payment C and a par value of 100 US dollars. The gross price of a bond is equal to its market price plus an accrued interest from the next coupon payment. Following the no-arbitrage rule, the gross price of a bond can be expressed as the sum of the present values of the promised coupon payments and a par value at maturity. All are discounted by the real, as opposed to risk-neutral, discount factors that incorporate the investors' expectations about the "riskiness" of a bond.
with ts D the s-period discount factor at time t. The discount factor reflects the risk of default and risk premium in the case of defaultable sovereign bonds; and it is assumed to be default risk-free when the model (3) is applied to valuation of the US Treasury bonds. Nelson and Siegel (1987) 's parsimonious function is employed for the discount factor. Following Perraudin and Taylor (2003), the risk of default is incorporated in the valuation of the emerging market
Eurobonds by using the pricing model for the defaultable bonds:
Here s P is the probability that the Eurobond will not default in periods from 1 to ) 1 ( − s but defaults in period s . s P is the probability that the Eurobond will default in period s or earlier.
The rate of recovery in the case of default a is assigned a constant value of 54% (an average for sovereign issuers estimated by Moody's Investors Service (2006)).
Sovereign bond ratings are used as measures of default risk in the spirit of the reducedform of models of defaultable debt. Jarrow, Lando and Turnbull (1997) assume that the bond credit rating indicates the likelihood of default, i.e. the default rate is determined by a finite number of states associated with its credit rating. It is also assumed that a bond rating transition over a fixed period of time is governed by a finite state space Markov chain with timehomogenous probabilities. The default state is absorbing.
The probability of default at various time-horizons is calculated on the basis of the oneyear rating transition matrices estimated using the two discrete-time approaches-traditional 'cohort' and Hu, Kiesel and Perraudin (2002)-together with the Lando and Skødeberg (2002) continuous observations approach and the suggested expected value approach detailed in Section 2. Then, model (4) is fitted to the gross market prices of the sovereign defaultable bonds to estimate daily zero-coupon default-adjusted yield curves for each emerging market country in our sample. 3 After the parameters of the models (3) and (4) are estimated, the yield spread on sovereign defaultable bonds can be decomposed into two components: the default premium and the residual risk premium due to non-default risk factors 4 . The default premium is estimated as the difference between the initial non-adjusted yield spread and spread adjusted for the expected loss from default of the same maturity. The yield spread adjusted for the risk of default represents the risk premium.
3 Models (3) and (4) are fit using a nonlinear least squares method which employs the sequential quadratic programming procedure from MATLAB.
Estimation Results
Ranking of sovereign transitions estimates
We estimate daily non-adjusted and default-adjusted zero-coupon yield curves for each borrower using both the coarse-and fine-letter rating transitions matrices as measures of default The Kolmogorov-Smirnov test is applied to the pairs of distributions of the square root MSEs, separately in each sub-period first and then for the whole period to ensure consistency of our results. The test indicates whether these distributions are statistically different from each other at the 5% significance level and, if so, shows the sign of the difference. "0" means that, at the 5% significance level, the error distribution from the current rating transitions estimate does not differ from the one in the next row of the table, while "1" indicates that the current estimate provides a superior fit. and 10-year maturities in Table 2 .2.
The absolute value of the default premium implied by the EV inf fine, HKP fine, and each of the coarse-letter rating transitions estimates is greater for bonds of lower credit quality than for bonds of higher credit quality. The estimates of the default premium incorporated in each country's yield spreads are relatively stable at two dates in each sub-period if the sovereign credit rating is unchanged.
In all periods and for all three countries, which at different times represent three lowergrade coarse-letter rating categories: B, BB and BBB and 5 fine-letter rating categories: B+, BB-, BB, BBB-and BBB, the EV inf fine transition matrix produces realistic default premia when used as a measure of default risk. The absolute values of the default premia of Mexico and Brazil based on the EV inf fine estimate declined at both maturity horizons in sub-period II 5 The simulations are performed as follows. First, the maximum likelihood estimates of the parameters of the Nelson and Siegel (1987) model are obtained, which are used to calculate the true bond prices according to Eq. (3) and (4). Second, a random number drawn from the normal distribution is added to the true price of each bond to obtain a new price from the price sample. For each new price a separate optimization is performed to obtain the new model parameters. Finally, the simulated model parameters are employed to find the corresponding spot rates. reflecting the upgrades in the credit ratings of Mexico and Brazil. The share of the default premium within the yield spreads of all three countries increased significantly on 13.12.05.
Other estimates, e.g. HKP fine and S&P coarse, which provide good fitting results for one country or within a specific time period, lack consistency and underperform for other countries or in different time periods. Default premia on 25.12.05, as implied by the HKP estimates, are greater than the corresponding yield spreads at both maturity horizons in the Colombian sample and at 5-year maturity in the Brazilian sample. S&P coar and Cont coar give unusually low default premia within the Mexican sample: 3-20 basis points (3-18% of the yield spread) for both maturity horizons at all four dates. Cont coar also implies the existence of very small default premia in the Colombian sample (12-14% of the yield spread on three out of four dates) and in the second sub-period of the Brazilian sample (13-22% of the yield spread) throughout which both countries have a BB coarse-letter rating. On the other hand, it overvalues the default premium of Brazilian Eurobonds when they are rated as B+. Lando and Skødeberg (2002) mention this effect in relation to CCC-C rating categories but our results highlight overvaluation of the probability of default also for a higher rating.
Empirical Analysis of the Default and Risk Components of Yield Spreads
The relative importance of the default versus non-default risk components within the yield spreads of Mexican, Colombian and Brazilian Eurobonds is studied in this section. Our findings offer insights into their roles in the major fall in the emerging market yield spreads during the period [2003] [2004] [2005] . The novelty of our study is that we are able to analyse sovereign zero-coupon yield spreads estimated from individual secondary market bond prices at various maturity horizons. We also include only straight coupon bonds with fixed coupon payments and no special conditions attached in our analysis. Previous studies of emerging market bonds use either primary market bond prices 6 or data on emerging market bond indices 7 . The emerging market bond indices tend to include a number of different instruments such as Brady bonds, loans, U.S. dollar-denominated local market bonds and Eurobonds with fixed and floating coupon payments as well as call-options and other special conditions attached. All these instruments have different structural characteristics and may adhere to altered pricing relationships. Bond indices, which are characterised by the average duration of the instruments included in the index, also do not allow studying the yield spreads of varying maturities.
The zero-coupon yield spread and its default and risk components are estimated, separately in sub-period I and sub-period II, as the median of the corresponding daily time-series at 3-to 20-year maturity horizons. The default premia are expressed in basis points and percentage points of the yield spread in Table 3 
Default premium
Our analysis reveals that the default premium constitutes a significant part of the investmentgrade Mexican yield spread: 58-37% (decreasing at longer maturities) in both sub-periods (Table 3 .1). For the non-investment grade borrowers the default premium represents a smaller fraction of the yield spread in sub-period I: 40% for Colombian and 45% for Brazilian
Eurobonds at 3-year maturity coming down to around 20% at 20-year horizon. In sub-period II, the fraction of the default premium increases significantly for Colombian and Brazilian
Eurobonds with the change being the most pronounced at short to medium maturities. Further in sub-period II the fraction of the default premium within the sovereign yield spread is higher for the non-investment grade Eurobonds of lower credit quality (Brazil as opposed to Colombia).
This is in line with findings by Huang and Huang (2003) and Longstaff, Mithal, and Neis (2005) for U.S. corporate bonds. However, this fraction is lower for investment-quality Mexican bonds only at 5-year maturity horizon, see Table 3 .1. The share of the default premium within the yield spread tends to decline at longer maturity horizons for all three countries.
As in the case of non-adjusted yield spreads, the absolute value of the default premium is higher for bonds of inferior credit quality. The exceptions are default premia of Mexican and
Colombian Eurobonds in sub-period I, in which the Mexican default premium is slightly higher at 13 to 20-year maturity horizons despite a superior credit quality of Mexican Eurobonds. This is related to the upward-looking default premium term-structure of BBB-quality bonds as opposed to the humped-shaped default premium term-structures of BB and B-rated bonds, see
Figures C.1-C.6 in Appendix C and cf. Elton et al. (2001) who discuss this phenomenon in detail.
Change in default premia between sub-periods I and II
The change in the non-adjusted spread is the most significant for the non-investment grade Eurobonds. From sub-period I to sub-period II the Brazilian yield spread shows the most significant fall among the three countries for all maturities both in terms of absolute value and the rate of change. Its absolute value dropped by 322 basis points (55%) at 4-year maturity horizon and by a smaller value at longer horizons: 161 basis points (25%) at the 20-year maturity (Table 3 .2). The Colombian yield spread shows the second biggest absolute decrease:
by 136 basis points (37%) at 4-year maturity horizon and 52 basis points (10%) at 20-years maturity. Its relative change at medium maturities is comparable to that of the Mexican yield spread even though Colombia remained rated as BB, whereas Mexican credit rating was 2005 also appear to differ for investment-and non-investment grade assets. The improvement in the credit quality of Mexican bonds translated into a significant reduction (about 30%) in the default premium along the yield curve. The default risk and global liquidity factors have played roughly identically important roles in the decline of the Mexican yield spread at medium maturities (5-16 years). The default risk factors had a greater contribution at maturities of less than 5 and greater than 16 years.
The Brazilian default premium declined significantly (by around 20%) only at the short-tomedium maturity horizons. There is no indication of an improvement in the default premium of Brazilian bonds at maturities longer than 10 years even though Brazil was upgraded to a next coarse-letter rating category just prior to sub-period II. On the contrary, the Brazilian default premium went up at long maturities in sub-period II (Table 3 .2). The Colombian default premium also increased at medium-to-long maturities. An explanation for such increase in the default premia of non-investment quality bonds could be the expectation of a turning of the global credit cycle that entails deterioration in the creditworthiness of non-investment-grade issuers. This is in line with related findings by Arellano (2006) and Kamin and von Kleist (1999) .
Risk premium
The risk premia of the non-investment grade Colombian and Brazilian Eurobonds declined dramatically at all maturities both in absolute and relative terms: by 268 basis points (79%) at 4-year maturity gradually reducing to 189 basis points (36%) at 20-year maturity for Brazil and by 131 basis points (53%) and 58 basis points (15%) correspondingly for Colombia. Therefore, the fall in these countries' yield spreads between sub-period I and sub-period II appears to be mainly driven by the decline in the risk premium with its greater relative contribution against the default-risk factors at longer maturities. In the Brazilian case, only about one sixth of the reduction in the yield spread at maturities of 3-5 years is due to the decrease in the risk of default. This fraction declines at longer maturities, and the global liquidity factors determining the risk premium seem to be the only contributors to the fall in the yield spread at maturities longer than 10 years. For Colombian Eurobonds, the non-default risk factors are responsible for the decline in the yield spreads at all maturity horizons even though there are signs of a small improvement in the borrower's creditworthiness translating into a smaller default premium at short maturities.
Interpretation of the results
Our Brazilian yield spreads of medium-to-long maturities corresponds to the long-term investment profile of life-insurance companies and pension funds.
Conclusion
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